The anti-disturbance output feedback tracking control problem is addressed for switched stochastic systems with multiple disturbances in this article. To deal with unknown disturbances and unmeasurable states, composite disturbance observer and state observer are designed simultaneously. Then, an output feedback tracking controller is designed based on outputs of two observers. By employing multiple Lyapunov function method, some sufficient conditions are given to analyse the mean square exponential stability with weighted H ∞ performance for the closed-loop system. Furthermore, the controller and observer gains are solved by linear matrix inequalities. At last, the validity of the presented scheme is demonstrated via two examples.
With the demands of high control precision for complex control system, anti-disturbance control has received much attention. Several approaches and technologies have been proposed to satisfy the requirement of the expected performance, e.g., adaptive control scheme [1] , sliding mode control technique [2] , robust H ∞ control theory [3] , adaptive output regulation method [4] [5] [6] , and disturbance observer based control (DOBC) [7] , [8] . DOBC method has many application in control systems, such as spacecraft system [9] , static var compensator [10] . At first, the disturbance was generally regarded as a single disturbance. However, systems often subject to different kinds of disturbances in real engineering, e.g., internal noises and external disturbances. The composite hierarchical anti-disturbance control scheme (CHADC) was presented to reject and attenuate The associate editor coordinating the review of this manuscript and approving it for publication was Juntao Fei . multiple disturbances [11] [12] [13] . The view of CHADC scheme is that the scheme of DOBC is employed to cope with disturbances which are depicted by an exogenous system and other type of disturbances was attenuated via traditional control ways, such as sliding mode control [2] , adaptive control [14] , H ∞ control [15] . Further results have been extended to many complex systems, for example, Markovian jump systems [11] , [16] [17] [18] , stochastic systems [19] [20] [21] [22] , switched systems [23] .
Tracking control is a control scheme that drives the system output as close as possible to track an external reference signal by designing a controller [24] . Many results have been reported on output tracking control problems, such as, an adaptive tracking control law is designed to make the system outputs track the desired trajectories and guarantees the global uniform ultimate stability for the closed-systems in [6] . A model-based networked predictive output tracking control scheme is proposed to compensate for the round-trip time delay in [25] . [26] introduced the problem of event-based output tracking control with network-induced time-varying delays for nonlinear networked control systems.
On the other hand, switched systems, including a series of subsystems and a switching law, have been widely used to describe many practical engineering systems. For example, in [27] , a hypersonic vehicle system with input nonlinearities is described as a switched system and a switched control-oriented model-based compound control is developed; an adaptive control strategy based on multiple Lyapunov function method is proposed for air-breathing hypersonic vehicles with switched system model [28] . Many control methods and technologies have been proposed to the controller design and stability analysis for switched systems, such as piecewise Lyapunov function (PLF) scheme and multiple Lyapunov function (MLF) approach [29] [30] [31] . In addition, switching signals can be arbitrary or restricted. The mode dependent average dwell-time (MDADT) is an efficient scheme to design a restriction and time-dependent switching signal [32] , [33] .
The tracking control problems for switched systems have received more attentions [34] [35] [36] . The issue of observer-based tracking control for switched linear systems with time-varying is considered in [34] . In [35] , the exponential l 2 − l ∞ output tracking control problem for discrete-time switched system with time-varying delay are developed. The problem of H ∞ output tracking control of switched systems with time-varying delay under asynchronous switching is investigated in [36] . In [37] the problem of fuzzy output tracking control for a class of switched nonlinear system is studied. However, the above aforementioned articles on the tracking control problem mainly focus on switched systems or switched stochastic systems with no disturbance or one disturbance. But it is not in accordance with the practice, the system often subjects to multiple disturbances. As far as the authors' know, the anti-disturbance output tracking control problem for switched stochastic systems with multiple disturbance is rarely investigated until now.
In this paper, the anti-disturbance output feedback tracking control problem is explored for switched stochastic systems with multiple disturbances. Composite disturbance observer and state observer are built based on the output information. Then, the output feedback tracking controller is constructed to achieve weighted H ∞ output tracking performance and mean square exponential stability (MSES) for the closed-loop system. Some sufficient criteria are established via multiple Lyapunov function technique. Eventually, two examples are used to show the validity of the developed result. The main contributions are highlighted as follow:
1) A composite disturbance observer and state observer are constructed to estimate external disturbances and system states for switched stochastic system with multiple disturbances. 2) In order to deal with multiple disturbances, a composite controller is proposed, i.e., the disturbance estimation is introduced into control law to compensate the disturbances described by exogenous systems and a weighted H ∞ performance is used to reflect the ability of the disturbance attenuation. 3) Borrowed from [38] , a single link robot arm system is described as switched stochastic systems. For this practical example, we construct an output feedback tracking controller and verify the disturbance attenuation and rejection ability. Through simulation we demonstrate the effectiveness of our main results. Notations: E{·} stands probability measure P the mathematical expectation. For R m (R m×n ) denotes the m(m × n)-dimension space. For symmetric matrices P > 0 or P ≥ 0, it means that the matrices is positive or semipositive. I stands the appropriate dimension identity matrix. The superscript T of vector (matrices) stands the vector (matrices) transpose. * represents the symmetric part of a block symmetric matrix. exp{·} is to solve exponential calculation. λ max (λ min )(P) stands the matrices matrices maximum(minimum) eigenvalue.
II. PROBLEM FORMULATION
Consider the following switched stochastic systems ( ):
where x(t) ∈ R m , u(t) ∈ R n , z(t) ∈ R r and y(t) ∈ R r represent the system state, controlled input, controlled output and measurement output, respectively; w(t), satisfying E{dw(t)} = 0 and E{dw 2 (t)} = dt, stands for the Brownian motion in ( , F, P), switching signal is described as σ (t) ∈ [0, ∞) → N = {1, 2, . . . , N }, where N stands the number of subsystem. When t ∈ [t p , t p+1 ), it means the pth subsystem is activated. Here, A p , B p , H 1p , E p , C p , C 1p and D p , p ∈N are appropriate known matrices; ξ 2 (t) ∈ L 2 [0, ∞) is an external disturbance; anther external disturbance ξ 1 (t) ∈ R n is described as
where V , G 0 and H 0 are known matrices, δ 0 (t) is an additional disturbance. Let z r (t) stand the reference signal as follows:
where x r (t) and r(t) are reference model state and reference input, respectively, A r is an appropriate dimension Hurwitz matrix. Remark 1: The parameters matrices is known beforehand in (2), but the initial condition is unknown so that the disturbances cannot be known in advance. Many disturbances, such as harmonics disturbances with unknown magnitude and phase, unknown parameters disturbances and so on can be modelled by system (2) [17] .
Our objective is to achieve output tracking control for system (1) , which can be described as follows.
Weighted H ∞ Output Tracking Control Problem: According to switched stochastic systems (1), find a switching law, a disturbance observer and an anti-disturbance output feedback controller such that 1) When δ(t) = 0, t ≥ 0, switched stochastic system (1) is mean-square exponentially stabilized via an anti-disturbance output feedback controller, where
where γ > 0. Lemma 1 (Singular Value Decomposition) [39] : For a full rank matrix C ∈ R m×n with rank(C) = m. The singular value decomposition (SVD) of matrix C can be described as
III. MAIN RESULTS
Firstly, we construct a disturbance observer and an anti-disturbance output feedback controller for each subsystem in this part. Then some sufficient conditions are presented to get the controller and observer gains. A disturbance observer based on output information is designed as followŝ (6) whereξ 1 (t) is the disturbance estimation of disturbance ξ 1 (t), ν(t) is described as an auxiliary vector, and L stands a disturbance observer gain.
Then, an output feedback tracking controller is built as
wherex(t) stands the estimation of system state x(t),Â p ,B p , C p ,D p and K p are the controller gains. Denoting the error system of disturbance estimation as e ω (t) = ω(t) −ω(t) and combining (1)-(2) with (6) yield
Substituting (7) into system ( 1 ) leads to
The error of output tracking is e(t) = z(t) − z r (t) and the closed-loop system ( 1 ) is depicted as
where
Some sufficient conditions on weighted H ∞ output tracking control problem will be developed in the following theorem.
Theorem 1: Given parameters γ > 0, α p > 0 and µ p > 1, if there exist matrices P p > 0, Z > 0, T p > 0,Â p ,B p ,Ĉ p , D p , K p subject to switched stochastic system (1) , such that
Proof. Construct the MLF as follows
According to the Itô formula [40] , the stochastic derivative is presented as
Then (16) is also rewritten as (19) where (t) = −e T (t)e(t) + γ 2 δ T (t)δ(t).
Integrating both sides of equation (19) in the interval t ∈ [t k , t k+1 ) and then taking the expectation yield
For ∀(σ (t k ) = p, σ (t − k ) = p ∈N ×N , p = q). Combining (12) with (15) gives
Therefore, using (20) and (21) leads to
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where ϕ(p) is a set of j satisfying σ (t j ) = p, σ (t j ) ∈ {0, t 1 , · · · , t N σ −1 }. Denoting T p (s, t) is pth subsystem running time in the interval [s, t). Without loss of generality, according to Definition 1 in [32] and formula (14) , if there exist contrasts τ a p and p ∈ N, the formula (22) can be rewritten as
Firstly, the MSES of system ( 1 ) is analyzed. Supposing δ(t) = 0 and using (15) and (23) give rise to
According to Definition 1 and Remark 2 in [41] ,
Then, for the zero-initial condition, we shall present that system ( 1 ) satisfies weighted H ∞ performance. The formula (23) becomes
Furthermore, we have 
According (14) and MDADT method, we have ∀s > 0, p ∈ N , N σ p (0, s) ln µ p ≤ N 0p ln µ p +α p T p (0, s). Then, combining with (26) leads to
Let t → ∞, inequality (28) is written as (29) where ζ 1 = max p∈N α p , ζ 2 = min p∈N α p and χ = N p=1 N 0p ln µ p . The inequality (4) holds.
Next, we will present the solvable condition for weighted H ∞ output tracking control problem.
Define matrix P p = P 1p 0 0 P 2p . By using Schur complement formula, (12) can be rewritten as 
Let E = diag{X 1p X 2p I I I I I I I }, X 1p = P −1 1p , X 2p = P −1 2p . Pre-and post-multiplying (30) by E T and E lead to 
Remark 2:
The computational complexity of solving controller depends upon the number of the switched subsystem. For example, for a switched system with two subsystems, we need to define fifteen unknown variables and solve eight inequality conditions; for a switched system with three subsystems, the controller gains are obtained via defining twenty-two unknown variables and solving twenty-one inequality conditions.
For the term X 1p D T pB T p , we can use Lemma 1 to solve. D can be described as D p = O p S p 0 V T p , and there exists
Then combining Lemma 2 from [11] with Schur complement formula, we can get theorem 2.
Theorem 2: Consider switched stochastic system (1) . Let parameters γ > 0, α p > 0 and µ p > 1. On condition that exist matrices X 1p > 0, X 2p > 0, Z > 0, T P > 0,Ã p ,B p ,C p , D p , K p , such that the following conditions 
Then system ( 1 ) is MSES and satisfies weighted H ∞ performance with MDADT switching
Moreover, the gains are
IV. SIMULATION EXAMPLES
To check out the effectiveness of the developed method, two simulation examples are presented. Example 1: Consider switched stochastic systems with three subsystems. The parameters are listed as follows.
Subsystem 1
Subsystem 2
Subsystem 3
The parameters of exogenous system (2) and the reference model (3) are given as V = 0.2 0 , C r = 0.5 0.5 ,
Choose α 1 = 0.6, µ 1 = 1.1, α 2 = 0.8, µ 2 = 1.3, α 3 = 0.7, µ 3 = 1.2. Then, by calculating (32) , we obtain
2 is chosen as initial conditions. The additional disturbances are given as ξ 2 (t) = e −0.5 sin(t), δ 0 (t) = e −0.3 sin(t). The reference input is selected as
By solving Theorem 2 with the help of LMI toolbox from Matlab, the gains of controller and observer are obtained. Curves of system states x(t) and state estimationsx(t) are shown in Figure 1 . It can be seen from this figure that the state observer can well estimate the system states. Figure 2 illustrates curve of the disturbance estimation error. From this figure, we can see the designed disturbance observer can effectively estimate the external disturbances. Curve of tracking error between z(t)and z r (t) is shown in Figure 3 , which demonstrates the system output can track the reference signal. Example 2: A single link robot arm system from [38] with multiple disturbances is considered. Given the following dynamic equation
where θ(t), u(t) stands the arm angle position and the control input, respectively. ξ 1 (t) described by an exogenous system (2) is the air resistance torque, ξ 2 (t) = − sin(θ (t)) is a nonlinear unknown disturbance, ξ (t), denoting a independent standard gaussian white noise, represents the stochastic acceleration of the suspension point in the horizontal and vertical directions. g, M , D and L mean the acceleration of gravity, the mass of the payload, the viscous friction and the length of the arm, respectively. In this example, we choose g = 0.8, D = 2 and L = 0.4. Let x 1 (t) = θ (t) and x 2 (t) =θ(t). System (33) is written as
The parameters of the modes are given as follows
Mode1
:
Mode2
: And the other parameters are the same as Example 1. By using Matlab tool to solve Theorem 2, the controller and observer gains are obtained K 1 = 0.0694 −0.0473 , K 2 = 0.0451 −0.0327 , Figure 5 . It demonstrates the proposed disturbance observer has a good performance. In Figure 6 , curve of tracking error e(t) is depicted.
V. CONCLUSION
The anti-disturbance output feedback tracking control problem for switched stochastic systems with multiple disturbances has been considered. Based on output information, a composite disturbance observer and state observer has been constructed. Based on two observers outputs, an output feedback tracking controller has been designed. Some sufficient conditions have been developed to ensure the closed-loop system mean square exponential stability and satisfy the performance of weighted H ∞ . Finally, the effectiveness of the developed results has been checked out via two examples.
